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It has been shown /1/ that if the potential energy of a mechanical system
ig an analytic function of the form
V@)=V @+ Vna(@)+ ... (m>2)

where V, are polynomials of degree 1, then the equilibrium position ¢ =0
is unstable for odd m. Instability has also been proved for evenm /2/
on the assumption that gq=20 is not a local minimum point of Vp (9).
In this paper, with suitable additional assumptions, using the procedure
employed in /2/, we shall prove instability in some cases when m is even
and Vn,(g) is positive definite.

Consider a mechanical system with n degrees of freedom described by a Lagrange function
Liga)="g"4(@q—V (@), q=&" )

where 4 1is a symmetric positive-definite n xn matrix and V is the potential energy. The
equations of motion are

d a .
A@u+(F4@)e -5 omTAQD) =~V @ @

The Lagrange-Dirichlet Theorem states that the equilibrium position q =0 is stable if
Vg)=0 is a strict local minimum of V /3/.

The immediate inversion of this theorem is false, as shown in /4/ for a system with one
degree of freedom having V(0) =0, V(g = exp (—1/¢®) cos (t/q) 1f ¢+ 0. Letting B, denote an open
sphere of radius ¢, we notice that this potential has the following property: for any >0
there exists a connected open set ¢:0=G6CZGC B, such that V(g >0 on 46. Even this
property, which is weaker than the positive definiteness of V, is not necessary for stability
in R™/S/.

There remains the assumption that the equilibrium is unstable if V is analytic and does
not have a minimum at the origin. Numerous results of this kind have been established;
references to most of them may be found in /6-8/.

Without claiming to provide a complete list, we will recall some of these results. Let

V@ =Vn@+ Van@+ ... (m>2)
where V, are homogeneous polynomials of degree 7. If Vm(g) 1s negative definite or if
m =2 and V.(q@ may take negative values, the inversion was established by Lyapunov /9/.
If V,(@ >0 and only one of the Poincaré coefficients vanishes, the inversion was proved by
Koiter /10/. Some inversion results have been based on the following fundamental lemma of
Chetayev /11/, which guarantees instability if

1) 0={g: V@< 0 s=¢, 090

2) (qlaV/ieq) <O on 49

As an immediate corollary of this lemma one can prove instability in the case when Vo=
Vm (@) 1S homogeneous or there exists k> 2 such that V.(@ >0 for :<k and V() <0
for k>i /11/. Condition 2 is not always satisfied in reality, even if V has a strict local
maximum at q=0. This case was studied in /7/ for Vec¢* /6/ and for functions Ve
such that V(0) is a non-strict local maximum /12/.

We note that Chetayev's lemma was strengthened in /5/, where condition 2 was replaced
by

3) (g]oVieq) + aV (g) < 0 on 0,0<a<?
and also by Chetayev himself /11/, who used a vector field f(q) of ¢* smoothness on 6 in
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A™ such that {0} =20, A(W§§<m is a positive definite matrix, with the condition

4) (f] Vieg)< O on @
instead of condition 2.

This condition will be used quite frequently in what follows, It was used in /3/, where
the inversion theorem in its entirety was proved for two degrees of freedom, on the assumption
that 4(0) is the identity matrix and V{(g) - is an analytic function which takes negative
values in any neighbourhood of the origin. The same result was obtained independently in
/14/, while the condition 4 (0)=7 was eliminated in /15/. For =a=2 and an analytic
function ¥V with a non-isolated minimum at =0, an attempt to prove the theorem was made
in /16/.

Instability was proved for the case of arbitrary n and a non-analytic potential in /13/,
under the following assumptions:

A{g)=1J, where I is the anx n identity matrix.

Vg =Vm@+R@ 22, B 0=...=R"@®=0

The function Vm(g) 1is non~-degenerate.

Instability was established in /17/ on the assumption that V is quasihomogeneous or
semi-quasihomogeneous and A() =17. The first of these results extends a result of /11/
for V=V, the second generalizes the aforementioned result of /13/ to the, case in which V
is analytic. 1In /18/ the condition 4 (0) =/ was eliminated under an additional assumption
and the result of /13/ was slightly generalized.

Instability was established in /1/ under rather simple assumptions: m>2 and is odd.
Finally, instability was proved in /2/ for arbitrary m > 2 provided only that V,{g can
take negative values, i.e., without requiring that V,, be non-degenerate. This remarkable
result almost settles the inversion question for analytic potentials. The only remaining
open question is: what happens if V(q) = Ve (@) +... wWith Vuy (@ >0 and V(0) not a local
minimum? Instability was proved in /19/ on the assumption that V=Vi4 Vy+..., V>0 and V,
takes strictly negative values on the hypersurface {V,(g)=0}. In the sequel, using exactly
the same procedure as in /2/, we shall obtain some instability results in the case V="V,+ ..,
p> 1

Retaining the previous notation, let us assume that A (q) and V(g) are analytic

A@=T+e@ 9O =0 V(@) ="Vm(@ + Vamua(@)+."., m>3
where V; is a homogeneous polynomial of deqree k, D'V, its partial derivative of order r.

and

Theorem 1. 1I1f the following conditions hold:
1° Vem{g) >0 in R", S ={q: Vim (@) = 0};

22 Fec 8, llell =1, Vimy(€) = min {Vomso (@: llqfl = 1} < 0;
3° D Wy (e) =0 for r =23, 4%;
4° e@qif—>0as q-0,

then the equlibrium of Egs.(2) at q =0 is unstable.

Proof. By condition 4°, Egs.(2) may be written in the form

¢+ G{@qg)+vg=0 3
V() =V @) + Vempa (@ + D vy l(W)
kzem-+2

where ¢ is an analytic and quadratic function of ¢ and vy are homogeneous polynomials of
degree k. We can now follow the usual procedure /2/. Let F be the space of the formal series

q(:):méia‘-,,(mm) £ gy e R =01,

Let ®F denote the space of the series f¥q, qe= F. We are going to construct a formal
solution q & I"V™F of Egs.(3), determining the coefficients a; by induction - forward
induction on J and backward on 7. The induction process begins from the first term

ql (t) — aaot-”m
Substituting q =4q,;{f) on the left of Egs.{(3), we cbtain a series
Vim (@ge) £3#Y™ + [(1/m) (1/m + 1) ayp + Vamea (G0g)] £-5V™ 4 . .

(the dots stand for terms of degree t strictly less than .2 — 1/m). The first two coefficients
of this series vanish if one takes gy, == ae, where a is a suitable real number and e is
defined as in condition 2°. 1Indeed, since ee S, V,m(ae) = 0 is the absolute minimum of Vyn
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and so Vim (ae) = 0. The second coefficient vanishes if
(1/m) (1/m 4 1) ae -~ Vamss (€) a2 = 0

By condition 2° there exists a real number ¢ >0 such that Vimi, () = —ce. Consequently,

it will suffice to take )
a = ((m + 1)/(em2)vm
Now, putting g, = ae and
o=q" + G(g.q) + v(q)
we obtain
= frymp

and y, contains no terms of degree t higher than —2 — 2/m. Now assume for the induction
step that for some integer N > 2 we have found a series

ava= 3 a;(lngyrivm
mii<N-1

such that
YN = q;::~1 + G (g-1. q}v_l) + v{gn-1)

lies in the space (™*V™F and contains no powers of t higher than -2 — N/m. Our problem
now is to construct a series such that yy., lies in the space (**/"F and contains no
powers of t higher than —2 — (N + 1)/m. To that end we put

av=4qy1+Aq, Aq= 2 ey ;(Ing)t-Nim
mi<N-1

Then

YN =N+ A7 + [Vam (@) — Ve (qv-1) ]+ [Vomsa (09) = Vorea (-] + )
[G (qx an") — G (gn-1, gv-1)] + k>22’|n+2 [vi (aw) — Vi (qv-)]

The right-hand side of (4) is exactly the same as in /2/, except for the expression in
the first pair of brackets. Since G is quadratic in ¢  and v, are homogeneocus polynomials
of degree k, it is obvious from the Taylor expansion at the point (gy.,, qv-,) that the last

two expressions in brackets in (4) contain no powers of t higher than —2 — (¥ + 1)/m.
The expression in the second pair of brackets in (4) may be rewritten in the form
Vimea (v-1) A + ... = Vaiz (@) A + - .
where the dots stand for terms of degree t strictly less than —2— N/m and the degree of

Vimie (@) is —2 — N/m.

We will now take a closer look at the expression in the first pair of brackets, which
does not appear in /2/. Expanding it in Taylor series in the neighbourhood of qy-1 and
neglecting high-order terms as usual, we express it as

D¥v,, (an-1) Aq + 1/,D%V,,, (qn-1) Aq® + YDAV o (qn-1) (Ag)® + ..., (9)
where the dots stand for powers not exceeding —2 + 5/m — 4N/m, hence not exceeding —2 — (N -+
1)/m. If N =2 the terms written out in (5) vanish by condition 3°. If N >2, we

expand D'V, (gn-,) (k = 2, 3,4) in Taylor series in the neighbourhood of gq,. Using condition 3°,
we obtain, to within the same higher-order terms,

D*Wom (gn-1) = YeD*Vom (@) @v-y —9))° + . ..
D3V (@N-1) = YD Vom (@1) (AN-~1) — @1)® . . .
D* Vom (@n-y) = D%V (qy) (@v-y —qy) + - . .

Since D%V, (q,) contains powers of t with exponent of at most —2 -+ 5/m, and since
the degrees of (gy-; —¢q,) are at most —2/m, the highest power of ¢ appearing in D*Vym is
—2 —4/m, —2 +1/m, —2 +3/m for k =2,3 4, respectively. But Aq has degree —N/m and
N > 2. Thus, all the terms in (5), and hence all the terms in the first bracketed expression
in (4), have a degree in t of at most —2 — (N +1)/m.

By the induction hypothesis yy does not contain powers of t higher than —2 — N/m.
Letting z denote the sum of terms including ¢2-¥/™ in yNy, we exclude all terms of degree
—2 — N/m  in ywn.,, solving the equation

Aq" + V;nu—z (ql) Aq =-—Z= 2‘1 z; (ln t) t2-Nim (6)
mj<N-1



439

This equation is the same one as in /2/, and all arguments presented there are valid
for (6). For completeness, we will complete the construction of the formal solution, repeating
those arguments. The highest degree of the logarithm on the right of (6) is equal to the
integer part of (N —1)m, i.e., M =I[(N —1)/m]. Collecting the terms of this degree we
obtain '

(N/m) (N/m + 1) an-1,m + Vamsz (@8) 0N -1, m = Zm o)

This equation has a unique solution awn.,m, provided that (—AN/m)- (N/m + 1) 1is not
an eigenvalue of Viym. (@e). The tensor V,,,, (se) 1is symmetric and all its eigenvalues are
real.
The vector e is an eigenvector with eigenvalue — ((m + 1)/m) (2m + 1)/m. Indeed, by Euler's
Theorem
2m + 1 2m +1 m+4-1 e
a

V;m+2 (ae) e = V;m+2 (ae) —_— = —

The space orthogonal to e is tangent to the unit sphere at e. Since Vi (6) is a minimum
on the unit sphere, all the eigenvalues corresponding to this space are non-negative. Thus
Eq.(7) has a unique solution if Nz m + 1.

If N s=m + 1, we substitute Aq into Eq.(6) with the coefficient any.;,m obtained from
Eq.(7), the other coefficients ay.;,/ remaining undetermined. Then the terms involving
(in¢t)¥  will vanish in Eq.(6). To eliminate the terms involving (In¢)M-!, we solve the

equation " .
(N/m) (N/m + 1) an-1, 1 + Vemse (a€) @y, yoy = 2y

where zy., is a known quantity which depends on zy, and ay,m. An (M + 1) -fold
repetition of the same procedure will solve Eq.(6).
We will now consider the exceptional case N=m +1, M =1, when

U = 3 agt DM, A= (ag + ayy In g) g1/

i<m

Neither ym., nor the right-hand side of Eq.(6) contains terms involving logarithms.
Thus the equation may be written in the form

AG" + Vines (@) Aq = (Re + f) 31 @)
where A is a real number and f a vector orthogonal to e. We will split (8) into equations

for the components e and £. Since all the eigenvalues of V" (ae) corresponding to a space
orthogonal to e are non-negative, the equation

(44 4/m) (2 4/m) Bt ™5™ - Vo (@) gt 27 = f3miom
has a unique solution 4., which is orthogonal to e. The remaining equation
— B +2/m) amy + (1 +1/m) (2 + 1/m) + Vimss (a€)] In tam; = he

holds for am; = —Mhe/(3 + 2/m). This completes the construction of the formal solution.

It was shown in detail in /2/ that the formal solution converges to a solution of Eq.(3).
The only difference in the present case is the extra term V,n(q) in the potential. Most
of the algebra in /2/ are not affected by the introduction of this additional term and may be
represented here without any alteration; we will therefore omit them.

Only one argument in /2/ needs some attention because of the extra term V,,. The
formula

£ (V;m+2 (4) — V' (Gam)) == Vamse {age) — Vamez (Y™ ggm) — (9)

UMY pnsg (Y " Ggm) + - -«

where the dots stand for powers of t with exponents less than —1/m, yields an estimate
O @Y™ 4+t 11nt) for the norm of the operator in (9) for large t.
We shall show that the addition of V,, to the potential does not change this estimate.
Clearly,
Vam (@em) = 3" Vom (£Y"qgm)
and
M = @g + LY A SN SN it
Amat™Int + ...+ Gpmeg 2™ In g

By condition 3°, the Taylor expansion of V,. at g, begins with terms of degree 3 in
gi/m and t'Int. Thus, for large t,
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t2¥om (@em) = O (V™ 4t Int)
and we obtain the same estimate for the norm of the operator in (9) as in /2/.
Thus the solution we have constructed converdges and the instability of the origin follows
from the existence of an asymptotic solution.

Remark 1. Theorem 1 generalizes the results obtained in /2/ in the case q = R® Indeed,
if Vyn=0, the conditions 1° and 3° are automatically satisfied, 4° is unnecessary and 2°
follows from the previous assumptions in /2/.

Remark 2. The applicability of Theorem 1 is of course limited by the fact that condition
3° for the non-zero function V,, requires m>» 3. In addition, the method employed to prove
the theorem does not work if the minimum of Vum,s on the unit sphere lies outside the domain
Vam (@) > 0. This becomes clear if one considers the positive definite potential

V = 2 — 4zy® 4 5y
and the potential

Vom= o8 — 4oty 4 y1%
which makes the equilibrium position unstable (see /1/).

The method is not applicable when V,, (e)e=2mVy,(e) 0 and the condition Vim(e)= 0, which
appears in the proof, fails to hold. We note that the condition Vv, ()= 0 here is equivalent
to the condition Vip(e)=0 or eeS.

Theorem 1 may be applied if m >3 and the variables appearing in Vi, differ from
those appearing in Vyn. e.g., if

V(z,yy 3 u) =204 y54 28— u® -~ 2 Vk (z, yy 2, u)
k>8

Appendiz 1. Recalling the procedure used to prove Theorem 1, we can extend that theorem
to the case V(@ = Vi (@ + ... + Vomy1 (@) + Vamsz (@) + ..., replacing conditions 1°-4° by the following
alternatives:

5° Vyms2(g) has a strictly negative local minimum on the unit sphere;

6° DV,(e)=0, 2k <i2m+ 1, 1<j<4&+2m —i;

7° @(@/lq 'zm—zkﬁ 0 as q— 0.

Note that it follows from the condition D!V, (e)=0 that e lies in the sets V,(q) = 0( =

2, ..., 2m 4+ 1). These conditions are not equivalent to those of Theorem 1, where k= m. We
note, moreover, that the functions Vem, Vax + Viksrs- - - Vak + ... + Vomya are not necessarily always
positive.

Appendix 2. A slight modification, analogous to that outlined above, makes Theorem 1

applicable to the case
Vig = Vae (@) -+ Vam @ + Vomga (@) - - -

when the negative part of the potential is determined by a term of odd degree (2m --1). This
is done by adopting the following assumptions instead of 1°-4°:

8° Vomu (@) has a strictly negative local minimum on the unit sphere;

9° DIV, (e)=0,2k<i<2m 1<j<342m—1;

10° ¢ @/ |q™ ' -0 as q—0.

The proof is very similar to that presented above and need not be reproduced in full.
The first approximation to the solution of Eg. (1) will be

gy (1) = apt™: e = R™, p = 2/2m — 1)

a0 = ae, Ao =2 (2m + 1) Cm — 1), V.., (e) = —ce
Consider the space of formal series
Fefq()=Net™, o= B, i=01,...]

and assume that for ~N>2 we have found an (N — 1) -th approximation
Ay O =" g+ o™ + ..yt FD
in *F such that
Yy = ‘1};7—1 + G gy q.N—x) + v ay)
is a member of t?MF and involves no powers of t with exponent greater than —2— . Then

we choose -
Iy =9y + Aq, Aq = an.4t N

such that yy,, is in ¢*V¥F and involves no powers of t with exponent greater than —2-—(N¥ 4 1)p.

To complete the proof we need only solve the equation
Np (Np o+ 1) ay_y + Vi, (a€) ey = 2 (19)



441

where z is a term of degree _—2 - Nu in y,. The operator V,,,, (ae) has exactly one negative
eigenvalue corresponding to the eigenvector e; it is (—4m)(@2m +1)(2m — 1)*. It can be
verified that for any positive integer N the number (—~Np)(Np +1) is not an eigenvalue of
Vimer (a€). Consequently, Eq.(10) has a unique solution for any positive integer N and the
formal solution can be constructed in t¥F

To show that this formal solution in fact converges, we repeat the arguments of /2/,
replacing the quantities m and p= m/2 —1 appearing in /2/ by 2m+1 and m— Y, = 1/p,
respectively, and omitting the logarithms throughout. Condition 9° implies the continuing
validity of the estimates in /2/ despite the extra term (V- ...+ Vom) 1in the potential.
This completes the proof.

Comparing the reasoning with Theorem 1, we observe that the formal solution in Appendix
2 does not contain logarithmic terms. This simplification is possible because there are no
critical values of N in Eq.(10), whereas Eq.(7) of Theorem 1, unlike (10), has a critical
value N = m -1, which generates 1ogaritﬁmic terms. ’

Finally, we note that if Vi = ...= V,n=*0, condition 10° may be dropped and condition

is automatically valid.

REFERENCES

1. KOZLOV V.V., Asymptotic solutions of the equations of classical mechanics. Prikl. Mat.
Mekh., 46, 4, 1982.

2. KOZLOV V.V. and PALAMODOV V.P., On asymptotic solutions of the equations of classical
mechanics. Dokl. Akad. Nauk SSSR, 263, 2, 1982.

3. LEJEUNE-DIRICHLET G., Uiber die Instabilitat des Gleichwichts. J. Reine Angew. Math., 32,
1846.

4. WINTNER A., The Analytic Foundations of Celestial Mechanics. Princeton University Press,
Princeton, N.J., 1941.

5. LALOY M., On equilibrium instabability for conservative and partially dissipative mechanical
systems. Sem. Math., Appl. Mec., Rapport 82, Univ. Cath. de Louvain, Louvain, 1975.

6. SALVADORI L., Sulla stabilita dell equilibrio nella meccanica dei sistemi olonomi. Boll.
Un. Mat. Ital., 4, 1968.

7. HAGEDORN P., Die Umkehrung der Stabilitatssatze von Lagrange-Dirichlet und Routh. Arch.
Ration. Mech. Anal., 42, 1971.

8. ROUCHE N., HABETS P. and LALOY M., Stability Theory by Liapunov's Direct Method. Springer,
New York, etc., 1977.

9. LYAPUNOV A.M., Sur 1l'instabilite de 1'équilibre dans certains cas ou la fonction des forces
n'est pas un maximum. J. de Math., Ser. V, 3-Fasc., 1, 1897.

10. KOITER W.T., On the instability of equilibrium in the absence of minimum of the potential
energy. Proc. Koninkl. Nederl. Akad. Wet., Ser, B, 68, 1965.

11. CHETAYEV N.G., On the instability of equilibrium in some cases when the function of
forces is not a maximum. Prikl. Mat. Mekh., 16, 1, 1952.

12. TALIAFERRO S.D., An inversion of Lagrange-Dirichlet's theorem. Arch. Ration. Mech., Anal.,
73, 1980.

13. PALAMODOV V.P., Stability of equilibrium in a potential field. Funktsion. Anal. Prilozhen.,
11, 4, 1977.

14. TALIAFERRO S.D., Stability for two dimensional analytic potentials. J. Diff. Equ., 35,
1980.

15. KOZLOV V.V., Instability of equilibrium in a potential field. Uspekhi Mat. Nauk, 36, 1,
1981.

16. LALOY M. and PEIFFER K., On the instability of equilibrium when potential has a non-strict
local minimum. Arch. Ration. Mech. Anal., 78, 1982.

17. KOZLOV V.V., On instability of equilibrium in a potential field. Uspekhi Mat. Nauk, 3,
1981.

18. CARLIER P. and PEIFFER K., A remark on the inversion of Lagrange-Dirichlet's theorem. In:
Sem. Math., Rapport 138, N.S. Univ. Cath., Louvain, 1988.

19. KOZLOV V.V., Asymptotic motions and the problem of the inversion of the Lagrange-Dirichlet
theorem. Prikl. Mat. Mekh., 50, 6, 1986.

Translated by D.L.



